PHYS 301
FIRST HOUR EXAM SOLUTIONS

1. We are given the product
€mnop €mnop

Since there are four repeated indices (m, n, o and p), this is equivalent to the quadruple sum :
4 4 4 4

€mnop €Emnop = Z Zzzemnop €mnop = €1111 €1111 + €1112 €1112 + 254 more terms.
m=1n=1o0=1p=1

Now, we don't have to evaluate all these terms, since we know the only non - zero terms will be
those in which the four indices are all different. Since there are 24 ways to permute four different
numbers (1234, 1243, 1324, 1342, 1423, 1432 ...), there will be 24 non - zero terms. Since each
term with four different indices is either + 1 or - 1, there will be 24 terms of either (1) (1) or (-1)
(-1). Therefore, the value of this product is 24.

2. We are given the function
0, 0<x<x1
f(x)_{l, 1<x<3/2
0, 3/2<x<?2
and we are told the function is periodic on (0, 2). This statement means explicitly that the function

is defined to be 2 L periodic on (0, 2), so that the relevant value of L to use is L = 1, and our Fourier
series will have the form

f(x) = %+éancos(nnx/L)+ansin(n7rx/L)

n=1

with L = 1. (It is therefore incorrect to make any extension of this function since that will change
the value of L and hence the periodicity of the function).

Using the relevant equations for computing Fourier coefficients, we have :

1 2 1 (92 1
aoz—ff(x)dx:—f 1-dx = —
L Jo 1U1 2

3/2 1 3/2
a, = 1f cos(nmrxX)dx = —sin(nxxX)] = — (sin(Bnn/2)-0)
1 nm 1 nm
32 _

3/2 -1
b :1[ sin(nzX)dx = — cos (N X)
1 nru

= —(cos@Bnx/2) —(-1)M
1 nnm

From these coefficients we can conclude :
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1 (0, neven 1 (~1 nodd
an:—{ el by=— 1 2, n=2,6,10
nm (—1)7, nOdd nm 0 n=4. 8 12
the Fourier expansion is then :
f(x) =
1 Cos[3nx] Cos[5nX] 1r 2Sin[27Xx] Sin[3mX]
- ——[Cos[nx]— + —...]——[Sm[nx]— + —]
4 3 5 m 2 3

3. If we plot three cycles of this function :

We can see that the function is continuous at zero and f (0) = 0, and that the function has a disconti-
nuity at x = 1. Dirichlet' s theorem tells us that the series will converge to the function where the
function is continuous, and the series will converge to the midpoint of a discontinuity, therefore,
Dirichlet' s theorem tells us that

f(0) =1and f (1) = 1/2 (the midpoint of the discontinuity). Now, if we set x = 0 in the Fourier
series above we get :

1 1 cosO cosO 1. ) sin0
f(0) = :———[cosO——+ —..]——[sm0—5m0+——...]
4 3 5 m 3
1 1 1 1 1 1 1
:———[l——+——...]:>7r:4(1——+———+...)
4 n« 3 5 3 5 7

as previously derived (see text p. 358)
If we set x =1, then f (1) = 1/2, and :

1 cos(3m) cos(bx 1 sin(3nx
f(1)=—:———[c05n - ( )+ ( )—...]——[sin(n)—sin(zn)+ ( )+...]
n 5 n
Since sin (n 1) = 0 for integer values of n, and cos (n ) = -1 for odd values of n, we have :
1 -1 1 1 1 1 1
- :—[—1+————...] > = 4(1—— +—-—= +)
4 3 5 3 5 7

as we found above. | have shown this choosing two suitable values of x, you only needed to choose
one value.
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4. The proof of this is worked out in detail in the classnote devoted to the epsilon - delta

relationship.
5.
4= (* With a Do Loop =)
Do[IFf[Sin[nx /4] >0, Print[n, "™ ", Sin[nx/4]111, {n, 20}]
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(» For statement with output omitted =x)
For[n=1,n< 21, n++, IF[Sin[nx/4] >0, Print[n, ™ ', Sin[nx/4]1]1]1]

ne7i= (* While statement with output omitted x)
n=1; While[n <21, IF[Sin[nx/4] >0, Print[n, ™ ™, SIin[nx/4]]1]1; N++]



