PHYS 301
HOMEWORK #3

Solutions

1. The function :

0, - m<x<0
X, O0<x<m

f(x):{

has the Fourier series :

T 2 c0s3X Ccosbx ) sin2x sin3Xx
f (X) :———[cosx+ + +...]+[smx— —..]

4 7n 9 25 3
We are asked to use Dirichlet' s Theorem to derive expressions for r using the values of f at x = 0, x
=n/2 and x = 7. Remember that Dirichlet' s theorem states that if a function can be expressed as a
Fourier series, then the Fourier series converges to the value of f where f is continuous, and to the
midpoint of a discontinuity. For this 2 x periodic function (I have plotted three cycles of this func-
tion) :
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we see that f is continuous at x = 0 and x = z/2, but is discontinuous at x = z. Since f (0) = 0, we
have :

T 2 cosO cos0 ) sin0  sin0
f(0) = :———[cosO+ +—+...]+[sm0——+——...]
4 n 9 25 3
Since cos 0 = 1 and sin 0 = 0, we obtain :
T 2 1 1 2 o 1
O:———[1+—+—+...]:>—:Z—
4 9 25 8 noddn2

Let's check this with Mathematica :
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Sum[l/nz,{n,l,oo,Z}]

72

8
Now, at x = z1/2, f (X) = 7/2 and the series converges to this value, so :

T T T
f— = —=— -
(2) 2 4
2 7 cos(@xn/2) cos(b5r/2) ) sin(mr) sin(3x/2)
—[cos— + + +] +[Sln7r/2 - + + ]
Ve 2 9 25 2 3

In this case, all the cos terms are zero since cos of n/2, 3 /2, 5 n/2, etc is zero. The sin terms vanish
for even values of n, and the sign of the odd terms alternate, so we have :

noon 1 1 1 /s 1 1 1
—= :—+[1——+———+...] > —-—=1-—+-—-—+..
2 4 3 5 7 4 3 5 7

Verifying through Mathematica :
Sum[-(-1)" Sin[n nx/2]1/n,{n,1,»,2}]
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Finally, at x = 7 we have to realize that there is a discontinuity whose midpoint is n/2, therefore, we
have :
T T 2 cos3m cosbm . .
f(r)y=—=-- —[00571 + + + ] + [a series of sin (n ) terms]
2 4 9 25

we know the sin (n ) terms are all zero, and that cos (n ) = -1 for all odd values of n, so Dirichlet’
s theorem gives us :

T 2 1 1 -
Zi e S A )

T 1
2 n2

as we found in part a).

2. We are asked to find two Fourier series. In both cases, the function is 2 L periodic on the given
interval. Since the function is 2 L periodic, we do not need to extend the function (as we will in
problems from section 9). We are asked to find the Fourier series for f (x) =1 + x on (0, 4) and then
on (-2, 2). In both cases, the interval is 4, s0 2 L =4 and L = 2. To find the Fourier coefficients
(and then the series) on (0, 4), we write :

1
a0 =E|ntegrate[1+x,{x,0,4}]
6

Since the interval is (0, 4), we cannot make use of symmetry arguments. For the other coefficients
we have :

1
an :Ef(l+x)cos(n7rx/2)dx =0
0
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1
by =—f4(1+x)sin(n7rx/2)dx = —
2 Jo

nmr

so that the Fourier expansion becomes :

4 i in(3 2
f(x) = 3——[sin(ﬂx/2) + in () + Sin G/ )+...]
b 3

And plotting this series over three cycles :
Plot[3 - (4 /x) Sum[Sin[nxXx /2] /n, {n, 1, 31}], {X, -4, 8}]
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For part b), our value of L = 2 still, but our limits of integration are between (-2, 2), so we obtain :

1 2
a0=—f(1+x)dx =2
2 J-2

1 2
an :Ef(l+x)cos(nnx/2)dx
-2

Even though f (x) is neither even nor odd, we can break the function into an even piece (here, sim-
ply 1) and an odd piece (x). We know the integral of x cos (n & x/2) will be zero on (-2, 2) since the
integrand is odd. Therefore, the only non - zero part of this integral is :
1 2 2 (? 2 2
an, = — f 1-cos(nax/2)dx = —fcos(nnx/Z)dx = —sin(nzx/2)| =0
2 J-2 2 Jo nm 0
Computing the b coefficients (and employing symmetry to simplify the integral) :
1 (2 i 2 2 . —4(=1)"
by, :—f(1+x)sm(n7rx/2)dx = — fxsm(nﬂx/Z)dx =—
2 J-2 2 Jo nnm

Our Fourier series is :

sin(mx) sin(3xx/2)
' -]

ar .
f(x) = 1+—[S|n(7rx/2)—
n 3

Plotting three cycles :
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Plot[1l- (4/x) Sum[(-1)"Sin[nnxx/2]/n, {n, 1, 21}], {X, -6, 6}]

3. Find the Fourier series for f (x) = x

a)on (-m, ) :
We can make use of symmetry here since the function is odd. Therefore,
ao = an :0
2 .
bn :—fxsm(nx)dx =-2(-1D"/n
m Jo
And our series is :
sin(2x) sin(3x
f(x) = 2[sinx— ( )+ ; )+...]

Plotting three cycles :
Plot[-2Sum[(-1)"Sin[nx] /n, {n, 1, 21}]1, {X, -3 x, 37}]

b) on (-3, 3) We can still use symmetry, but must remember to use the proper form of the Fourier
coefficients and series :
Because of the odd symmetry of the function, all the a coefficients are zero, and :
2 (3 . -6 (=1)"
b, :gfxsm(nnx/B)dx = —
0

nn
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The Fourier series is :

6 in(2 3 in(3 3
f(x) = —[sin(nx/B) ~ sin(2nx/ )+S|n( X/ )+...]
m 2 3

Plotting three cycles :
Plot[(-6/x) Sum[(-1)"Sin[nax/3]1/n, {n, 1, 41}1, {X, -6, 6}]

_3}

4t B {—1, -1<x<0
T =171 0<x<3

This function is 2 L periodic on (-1, 3). This means that L = 2. To find our Fourier coefficients, we
compute :

1 (3 1, (9
aO:EIlf(x)dx: E[fodx +fj(—1)dx] =1

1 3 1, 8
an :—ff(x)cos(nnx/Z)dx :—[fcos(nnx/Z)dx +f0(—1)cos(n7rx/2)]
2 J 2LJo 1

0, neven
1 -2
= Sin@na /2) —sin(nz/2)= { 7pr N=1509 .
n
" 2 n=3711, ..

nr

1, (3
by, = —[f sin(nzx/2)dx +f(—1)sin(n7rx/2)dx]
2t Jo -1

]

1
=—[-(os@Bna/2)—1)+(1—-cos(nx /2))]
nnu

3

2
+—cos(NnmX/2)
o Nm

—cos(nmx/2)
nm

1[—2

-1

2 nodd
nm

1
=—1I|[2-cos(3nn/2)—cos(hm /2)] = i, n=26,10, ..
nm n

0, n=4812, ..
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In[42]:=

Out[42]=

In[109]:=

The Fourier series is :

cos(3nx/2) cos(bnx/2)
+ —...]+
3 5
2sin(27x/2) sin@Bax/2) sin(5ax/2) sin (6 7 x/2)
+ 3 + c + 2 5 +]

1 2
f(x) = - ——[cos(nx/Z)—
2

2y
—[S|n(7rx/2)+
T

5. Plot the Fourier series from problem 4 :
1
F>|ot[E +(1/ 7 Sum[(Sin[3nn/2] -Sin[nx/2]) Cos[nnx/2]/n+

(2-Cos[3nn/2]-Cos[nx/2])Sin[nzxx/2]/n, {n, 1, 31}1, {x, -5, 9}]
M 1,0M M
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2

6. Every three months, the existing amount of money receives 1 % interest; after the interest is
applied, you deposit $100.

(» Do Loop =)

Clear[money, interest,deposit]

money=1000.0;deposit=100;

interest=0.01;

Do[money= (l+interest) money+deposit, {n,40}]

Print["At the end of ten years you will have $",money," in the bank']

At the end of ten year you will have $6377.5 in the bank

Each value of n represents a three month period; in 10 years there are 120 months and so 40 accumu-
lation periods.

(* For statement x)

Clear[money, interest,deposit]

deposit=100; interest=0.01;

For[money=1000;n=1,n<41,n++,money= (1+interest) money+deposit]

Print["At the end of ten years you will have $",money,"” in the bank']

At the end of ten years you will have $6377.5 in the bank
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n13= (* While statement =)
Clear[money, interest,deposit]
money=1000;deposit=100; interest=0.01;n=1;
While[n<41,money= (1+interest) money +deposit;n++]
Print["At the end of ten years you will have $'",money," in the bank"]

At the end of ten years you will have $6377.5 in the bank



