PHYS 301
HOMEWORK #6 -- Solutions

0
1. V . (Ax B) d 8_)( (eijk Aj Bk)

The term in parentheses produces the i component of AxB; the repeated index of "i" indicates we
are taking the dot product of the del operator and the cross product. Now :

0 0 0 0 .
3_i (€ijk Aj Bk) = eijk (9_. (AjBk) = eijk (Aj 0_. By + By 6_x. Aj) (via product rule)
we distribute the € :
0 0
= €jjk Aj B_X, Bk + €ijk Bk B_X, Aj = Ajeik 8_)(, B + €ijk Bk a—l A
The first e term on the right is the - j™" component of WxB, and the second e is the + kth component
of WxA. Thus we have :

= — AJ (V ><B)J + By (V XA)k
summing over all components provides the final step in the proof :
= -A-(VxB) + B-(V xA)

0 0
2. Vx(AxB) - Emnia_xfijkAj Bk =  €mn Gijka_Aj Bk

n Xn
(after permuting indices in ey term)

then, apply e - ¢ relationship :

0 0 0

€imn €ijk 8_xn AjBy = Omjonk B—Xn Aj By — Omk Onj B—n A; By
In the first term, j = m and k = n; in the second term k = m and j = n leaving us with :
= iAmBn - iAan
0Xn OXn
Apply product rule to both partial derivatives :
= AmiBn+BniAm - AniBm - BmiAn

0Xn 0Xn 0Xn 0Xn

Recognizing that the product of terms with a repeated index indicates a dot product, we have :

=ANV-B)+B-V)A-(A-V)B-B(V-A)
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0 0 0 0 0
J.Vx(fA) - gx— FA) = gikf — A+ Ak— T = fe— A+ i Ak — f
ijk an k ijk 3Xj k ijk Mk BXJ' ijk 8Xj k ijk Mk an
The first term all the way on the right is simply f times the + i"" component of curl A. The second
term is the - i component of Axgrad f. Summing over all components gives us :

Vx(EA) = F(VxA) - Ax(VT)

4. ShowVV x(V¢) = 0
To show this, you must recall that you can interchange the order of differentiation in multivariable

calculus, in other words :
0 0 0 (0
5 ) )
ox \ oy oy \ox

If you compute this curl by hand, you should find that that the 8 component of the curl is the term :

2(2e)-2(Le)-c
oy\az 0z \ oy
(A vector is zero iff all its components are zero, so we should expect to obtain similar terms for the
§ and 2 components.)
Now, using Einstein summation notation :
g (0
Vx(V¢) - eijx G_XJ (a_xk f)
Since the order of differentiation is interchangeable, we can write :
a (0 o (0
Eijk 8—)(J (a—xk f) = €ijk 8—)(k (8—)(J f) (D)

But the subscripts on the right are reversed, so we know that introduces a negative sign :

o (0 ¢ 0 ( 0 f)
€ik— |—F| = - €ixk—|— 2
ik O Xk (9Xj ik an 0 X @)

Equating egs. (1) and (2) shows :

et o)
€ik— |—TF| =- €ex— | —
Ik an O Xk ik an OXk

If an expression equals its negative, the expression must be zero.

0 0 0
5.V@Y) > — @) =d—v +v—9¢ =8(VY) + ¥ (V)
0Xi 0Xi 0Xi

Seems pretty easy at this point, doesn' t it?



