2. Solution: We need to convert all terms, both the scalar and unit vector, into Cartesian coordi-
nates. To convert the scalar term, 1/r, recall that r is the distance from the origin so that :

r=\VxX+y*+7°

We use the transformation equations and results from the last homework to write the unit vector r:

X = rsinfcosf (1)
y = rsinfsin¢ (2)
z = rcosf (3)

and :
I = sinfcos¢X + sinfsingy + cos6z
If we divide each of the transformation equations (eqs. 1-3) by r, we see that:

X . y . . z
— = sinflcosf); — = sinfsing; — = cos@
r r r

We can use these results to rewrite 7;
A 1 A A A
r = —(xx +yy + zz)
r

so that:

1
2

==

r = ;.;(xx+yy +zz) = I (xx+yy +zz)

3. Solution: Here we are asked to find the work done by a force over a specific contour. This
means we want to evaluate the line integral :

W:SEF-dl

where we need to remember to convert both the force and line element to polar coordiantes.

The function will transform as:
f = 2(psin¢)(cos¢ﬁ - sin¢$) - (pcos¢)(sin¢ﬁ+cos¢$) =

psingcos¢p —p(2 sin® ¢ + cos’ ¢)$
and the line element becomes:

dl = dpp +pd¢ ¢

The line integral becomes:

W = fﬂ[psincpcosdu'i —p(2sin2¢ +cosz¢)$]-(dpf) + pdd)(;))
0

= fnp (sin ¢ cos ¢) do —p* (1 + sin® ¢) dop
0
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Since our contour is the circle p =2, dp =0 (since p is a constant along the contour), and our inte-

gral becomes simply:

W = —4fﬂ(l +sin2¢)d¢ =—-6mn
0

4. Solution: We begin with the transformation equations :
x = acoshucosv

y = asinhusinv

7 =17

Taking differentials :
dx = a(sinhucosvdu— coshusinvdv)

a(coshusinvdu+ sinhucosvdv)
dz = dz

Squaring and adding:
ds? =

dx? + dy2 +dz? = a° (sinh2 u cos’ v (du)? — 2 sinh u cosh u cos v sin v du dv + cosh? u sin® v (dv)z)
2 22 2 . - ) 2 2
+a (cosh usin® v (du)” + 2 coshusinvsinhucosvdudv+ sinh”ucos” v (dv) )
+(dz)?
Note that all the mixed derivative terms cancel, indicating that this is in fact an orthogonal transfor-

mation.

Summing terms and grouping, we get:
(ds)*> = a° (sinh2 ucos® v+ cosh? u sin? v) (du)?

+ a’ (cosh2 usin® v + sinh? u cos’ V) (dv)? + (dz)?

The scale factor for z is trivially 1. We can simplify the parenthetical expressions by recalling:

cosh?x = 1+ sinh®x

and obtain for A,:
a’ (sinh2 ucos’v + (1 + sinh? u) sin® V) (du)?

= (sinh2 u (0052 v + sin® v) + sin’ v) (du)?

= hy = a\/sinhzu + sin’v

Using the same identity, you will find that 4, = A,,.

5. Solution: We begin with our original equation :
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h? -GM

and our goal is to transform this from an equation in terms of r(t) to an equation in terms of u(6)

where u = 1/r. We will need to make use of the chain rule and also the result:

de h
0=h=60=—=—=huv
dt 12
Let' s focus on the most complex of these terms, the second derivative. Our goal is to convert :
d’r d’u
-, =
de? do?
we will need to start with the first derivative term. We can use the chain rule to write:
dr dr dudd -1 du du

T

dt  dudf dt u? df do
To find the second derivative, we write:
ﬁ:q%:@:ﬂ%béimz
de?  dt\dt dt do dt do?
So the original differential equation becomes:
—h?u? dz_u - h*uv® = - GMu?
de?
Divide through by —/A? u? and we obtain:
d’>u GM

+u
de? h?



