
 

 

Final Exam 
 
 Question 1 (8 pts.) 
 
Use the figure to find each of the following. Write −∞ or ∞ if the limit is negative or positive infinity. Write 
DNE if the function is undefined. 

   

(a) (1 pts.) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→0

𝑓𝑓(𝑥𝑥) = 2 

(b) (2 pts.) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→2−

𝑓𝑓(𝑥𝑥) = −∞ 

(c) (2 pts.) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→2+

𝑓𝑓(𝑥𝑥) = ∞ 

(d) (1 pts.) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→2

𝑓𝑓(𝑥𝑥) = 𝐷𝐷𝐷𝐷𝐷𝐷 

(e) (1 pts.) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→−2−

𝑓𝑓(𝑥𝑥) = 2 

(f) (1 pts.) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→−2+

𝑓𝑓(𝑥𝑥) = −2 

 
 

Question 2 (4 pts.) 

A function is graphed below. 

 
What are the signs of the following: 
 

𝑓𝑓(2),𝑓𝑓′(2),𝑓𝑓′′(2) 
 
 
 
 

𝑎𝑎) +, +, +         𝑏𝑏) +, +,−          𝑐𝑐) +,−  −           𝑑𝑑) +,−, +  

𝒆𝒆) −, +, +         𝑓𝑓) −, +,−          𝑔𝑔) −,−, +           ℎ) −,−,− 
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Question 3 (6 pts.)  
Sketch the graph of a continuous function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) that satisfies the following conditions. 

Rubric: 1.5 pt. for each condition 

 
1.𝑓𝑓′(𝑥𝑥) > 0 for 𝑥𝑥 < −2 
 
2.𝑓𝑓′(𝑥𝑥) < 0 for −2 < 𝑥𝑥 < 5 
 
3.𝑓𝑓′(𝑥𝑥) = 0 for 𝑥𝑥 > 5. 

4. lim
𝑥𝑥→ −2

𝑓𝑓′(𝑥𝑥) exists. 

 
Any graph that meets the 
conditions is correct. 
  
Question 4 (7 pts.) 

The temperature, 𝑇𝑇, in degrees Fahrenheit, of a cold potato placed in a hot oven is given by 𝑇𝑇 = 𝑓𝑓(𝑡𝑡), where 𝑡𝑡 
is the time in minutes since the potato was put in the oven. 

(a) (2 pts.) What is the sign of 𝑓𝑓′(𝑡𝑡)? Explain. f’(t) is positive, because the temperature of the potato is 
increasing because the potato is heating up. 

(b) (2 pts.) What are the units of 𝑓𝑓′(25)? Degrees Fahrenheit per minute or ℉/𝑙𝑙𝑙𝑙𝑚𝑚 Degrees per minute is 
also OK. Otherwise it is all or nothing. 

(c) (3 pts.) What is the practical meaning of the statement 𝑓𝑓′(25) = 2?   
When the potato has been in the oven for 25 minutes, its temperature of the potato will increase by 
approximately 2 ℉ if the potato is in the oven an additional minute.  
Or  
After 25 minutes the temperature of the potato is increasing at a rate of 2 degrees Fahrenheit per minute. 
 
 
Question 5 (7 pts.) 
Rubric: 
3 pts. for the calculation of f’. 
2 pts. for finding f’(0). 
2 pts. for the equation of tangent. 
 
Find the equation of the tangent line to the graph of 𝑓𝑓 at the point  

at which 𝑥𝑥 = 0. (𝑎𝑎 is a non-zero constant) 

𝑓𝑓(𝑥𝑥) =
2𝑥𝑥 − 6
𝑎𝑎𝑥𝑥 + 1

 

𝑓𝑓′(𝑥𝑥) =
2(𝑎𝑎𝑥𝑥 + 1) − (2𝑥𝑥 − 6)(𝑎𝑎)

(𝑎𝑎𝑥𝑥 + 1)2  
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𝑓𝑓′(0) =
2(𝑎𝑎(0) + 1) − (2(0) − 6)(𝑎𝑎)

(𝑎𝑎(0) + 1)2 =
2 + 6𝑎𝑎

1
= 2 + 6𝑎𝑎 

𝑓𝑓(0) =
2(0) − 6
𝑎𝑎(0) + 1

= −
6
1

= −6 

Point-slope form: 𝑦𝑦 + 6 = (2 + 6𝑎𝑎)(𝑥𝑥 − 0) 

Slope-intercept form: 𝑦𝑦 = (2 + 6𝑎𝑎)(𝑥𝑥) − 6 
 
 
  
 Question 6 (7 pts.) 
Rubric:   
3 pts. for correctly finding h’(x);    1 pt. for plugging in 4 for x.  
1 pt. for finding f(4);     2 pts. for finding f’(4) and using it to solve for h’(4) 

Use the figure below to calculate the derivative, ℎ′(4) if ℎ(𝑥𝑥) = (𝑓𝑓(𝑥𝑥))4. 

 
 
 

ℎ′(𝑥𝑥) = 4�𝑓𝑓(𝑥𝑥)�3�𝑓𝑓′(𝑥𝑥)� → ℎ′(4) = 4�𝑓𝑓(4)�3�𝑓𝑓′(4)� → 𝑓𝑓(4) = 7 

𝑓𝑓′(4) =
7.3 − 7
4.1 − 4

=
0.3
0.1

= 3 

 
ℎ′(4) = 4(7)3(3) = 4116 

 
Question 7 (8 pts.) 
Rubric: 1 pt. for the correct explanation. 1 pt. for the correct intervals. 
 
The function f is defined for all x. Use the graph of 𝑓𝑓 ′ (that is, 𝒇𝒇-prime, the derivative of 𝒇𝒇) to decide:  
Rubric: 1 pt. for the correct explanation. 1 pt. for the correct intervals. 

a. (2 pts.) Over what intervals is 𝑓𝑓 increasing? Explain. 
(−1, 0) ∪ (1,∞) f is increasing whenever f’ is positive 
 

b.  (2 pts.) List the x-coordinates of all local minima of 𝑓𝑓. If none, write 
DNE. 

𝑥𝑥 = −1 𝑎𝑎𝑚𝑚𝑑𝑑 𝑥𝑥 = 1 
 

c. (2 pts.) Over what intervals is 𝑓𝑓 concave up? Explain. 
�−∞,−1

2
�  𝑎𝑎𝑚𝑚𝑑𝑑 �1

2
,∞� f is concave up when f’ is increasing 

 
d. (2 pts.) List the x-coordinates of all inflection points of 𝑓𝑓.𝑥𝑥 = −1

2
 𝑎𝑎𝑚𝑚𝑑𝑑 𝑥𝑥 = 1

2
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Question 8 (9 pts.) 

Rubric: 

1 pt. for length times width in terms of x 

2 pt. for derivative  

2 pt. for setting the derivative (a’) equal to zero and for solving for x 

4 pts. for considering endpoints or (for sign analysis of first or second derivative) 

 

Find the EXACT x-value or round to maximizing the shaded area. One 

vertex is on the graph of f (x)  =  x2

3
 −  40x +  800, where 

0 ≤  x ≤  20. Explain why your x-value maximizes the area. 

Area equals base times height. Here the base is x and the height   is 
f(x). 

𝑨𝑨 = 𝒙𝒙�
x2

3
 −  40x +  800� =

x3

3
 −  40x2  +  800x 

𝑨𝑨′ = x2  −  80x +  800 

A’ = 0 when…  Use the quadratic formula to find the zeros of A’. 

𝑥𝑥 =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑐𝑐

2𝑎𝑎
,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎 = 1, 𝑏𝑏 = −80, 𝑐𝑐 = 800 

𝑥𝑥 =
80 ± �(−80)2 − 4(1)(800)

2(1)
=

80 ± √6400 − 3200
2

=
80 ± √3200

2
=

80 ± 10√32
2

=
80 ± 40√2

2
 

𝑥𝑥 = 40 ± 20√2 For x to be within the interval from 0 to 20, x must be 𝑥𝑥 = 40 − 20√2 ≈ 11.72 

 

Is this a maximum or minimum? (1) Do a sign analysis on f’ OR (2) use the second derivative to analyze 
concavity. 

(1)  
𝑨𝑨′(𝟏𝟏) = 12  −  80(1) +  800 = 721 

𝑨𝑨′(𝟐𝟐𝟐𝟐) = 202  −  80(20) +  800 = 400 − 1600 + 800 = −400 

On the interval from 0 to 40 − 20√2, f-prime is positive and f is increasing. 

On the interval from 40 − 20√2 to 20, f-prime is negative and f is decreasing. 

So the critical point, 𝑥𝑥 = 40 − 20√2, is a maximum. 

 

(2) The second derivative test: 
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𝑨𝑨′′ = 2x –  80 

The second derivative is always negative when x is on the interval 0 to 20. That is, f is always concave down on 
that interval. The critical point 𝑥𝑥 = 40 − 20√2 must be a maximum. 

 

  

Question 9 (6 pts.) 

1 pt. for each derivative: f ’ and f ”. 

1 pt. for each equation f”(7) = 0  f’(5) = 0  f(7) = 2 

1 pt. total for b, c and d 

Find the constants 𝑏𝑏, 𝑐𝑐, and 𝑑𝑑 in a cubic polynomial, 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 + 𝑏𝑏𝑥𝑥2 + 𝑐𝑐𝑥𝑥 + 𝑑𝑑, that has a critical point at 
x = 5, an inflection point at (7, 2). Show your work. 

𝑓𝑓′(𝑥𝑥) = 3𝑥𝑥2 + 2𝑏𝑏𝑥𝑥 + 𝑐𝑐 → 𝑓𝑓′′(𝑥𝑥) = 6𝑥𝑥 + 2𝑏𝑏 

𝑓𝑓′′(7) = 0 = 6(7) + 2𝑏𝑏 → −42 = 2𝑏𝑏 → −21 = 𝑏𝑏 

𝑓𝑓′(5) = 0 = 3(5)2 + 2(−21)(5) + 𝑐𝑐 → 0 = 75 − 210 + 𝑐𝑐 → 135 = 𝑐𝑐 

𝑓𝑓(7) = 2 = 73 − 21(7)2 + 135(7) + 𝑑𝑑 → 2 = 343 − 1029 + 945 + 𝑑𝑑 → −257 = 𝑑𝑑 

𝑓𝑓(𝑥𝑥) = 𝑥𝑥3 − 21𝑥𝑥2 + 135𝑥𝑥 − 257 

𝑏𝑏 = −21, 𝑐𝑐 = 135,𝑑𝑑 = −257 

 

Question 10 (5 pts.)  

2 pts. for profit function (which includes correct revenue function) 

2 pts. for derivative of profit function or of setting C’ = R’ 

1 pt. for finding correct answer 

 

A small tie shop sells ties for $3.50 each (Assume you sell everything you produce.). The daily cost function is 
estimated to be 𝐶𝐶(𝑥𝑥) dollars, where 𝑥𝑥 is the number of ties sold on a typical day and 
 

𝐶𝐶(𝑥𝑥) = 0.0006𝑥𝑥3 − 0.03𝑥𝑥2 + 2𝑥𝑥 + 20 
 
Find the value of 𝑥𝑥 that will maximize the store’s daily profit. Provide an exact answer.  Show your work. 

Profit = Revenue – Cost 

𝜋𝜋(𝑥𝑥) = 𝑅𝑅(𝑥𝑥) − 𝐶𝐶(𝑥𝑥) = 3.5𝑥𝑥 − (0.0006𝑥𝑥3 − 0.03𝑥𝑥2 + 2𝑥𝑥 + 20) 

𝜋𝜋′(𝑥𝑥) = 3.5 − (0.0018𝑥𝑥2 − 0.06𝑥𝑥 + 2) = −0.0018𝑥𝑥2 + 0.06𝑥𝑥 + 1.5 

−0.0018𝑥𝑥2 + 0.06𝑥𝑥 + 1.5 = 0 → 0.0018𝑥𝑥2 − 0.06𝑥𝑥 − 1.5 = 0 

x =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝑎𝑎𝑐𝑐

2𝑎𝑎
,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎 = 0.0018,𝑏𝑏 = −0.06, 𝑐𝑐 = −1.5 
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x =
0.06 ± �(−0.06)2 − 4(0.0018)(−1.5)

2(0.0018)
=

0.06 ± √0.0036 + 0.0108
0.0036

=
0.06 ± √0.0144

0.0036
 

𝑥𝑥 =
0.06 + √0.0144

0.0036
= 50 𝑜𝑜𝑒𝑒 𝑥𝑥 =

0.06 − √0.0144
0.0036

= −16.667 

𝜋𝜋(50) = 55 

-16.667 is meaningless in this context because one cannot produce a negative amount of ties. 

Therefore, x = 50. 

 

 

 

Question 11 (4 pts.) 

A car accelerates at a constant rate from 35 ft/sec to 82 ft/sec in 6 seconds as shown in the figure below.  

How far does the car travel while it is accelerating? 

    

Rubric: 2 pt. for understanding that one needs to find the area under the curve. 

2 pts. for finding the correct answer. 

The area under the velocity function equals the distance traveled. 

35(6) +
1
2

(6)(47) = 210 + 141 = 351 𝑓𝑓𝑒𝑒𝑒𝑒𝑡𝑡 
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Question 12 (10 pts.) 

Mr. Rabbit lives in a rabbit hole in the middle of a forest path. The path runs East & West. One morning, Mr. 
Badger made a graph of Mr. Rabbit’s velocity as he ran along the path. The numbers in the squares are the 
approximate area of the regions above and below the axis. 

 

(a) (2pts.) At what time(s) did Mr. Rabbit change direction? Explain.  
Rabbit turns around at time 7 seconds because the velocity changes from positive, which means Rabbit 
is traveling East, to negative, which means Rabbit is traveling West. 
And Rabbit turns around at time 12 seconds because the velocity changes from negative, which means 
Rabbit is traveling West, to positive, which means Rabbit is traveling East. 
 

(b) (2 pts.) When is Mr. Rabbit going the fastest? Explain. Rabbit is going fastest when v has the greatest 
magnitude. This occurs at time t = 10 when Rabbit is traveling at 25 ft/sec. to the West. 
 

(c) (2 pts.) At what speed is Mr. Rabbit going the fastest?  25 ft/sec.  
1 pt. for the numeric value, 1 pt. for the units. 

(d) (2 pts.) When is Mr. Rabbit furthest to the East? At time t = 7 seconds. 
1 pt. for the numeric value, 1 pt. for the units. 

(e) (2pts.) What is the total distance traveled by Mr. Rabbit? 90 ft + 55 ft + 40 ft = 185 ft. 

 

Question 13 (4 pts.)  

Rubric: 1 pt. for correct answer with units. 
2 pts. for reasoning  
The concentration of a medication in the plasma changes at a rate of ℎ(𝑡𝑡) mg/ml per hour, 𝑡𝑡 hours after 
the delivery of the drug. There is 220 mg/ml of the medication present at time 𝑡𝑡 = 0, ∫ ℎ(𝑡𝑡) 𝑑𝑑𝑡𝑡2

1 = 160 

mg/ml, ∫ ℎ(𝑡𝑡) 𝑑𝑑𝑡𝑡3
2 = 110 mg/ml  and ∫ ℎ(𝑡𝑡) 𝑑𝑑𝑡𝑡3

0 = 375 mg/ml. 

a) (2 pts.) Write a sentence explaining the meaning of ∫ ℎ(𝑡𝑡) 𝑑𝑑𝑡𝑡3
0  in the context of the problem. 

The definite integral ∫ ℎ(𝑡𝑡) 𝑑𝑑𝑡𝑡3
0  is the total amount of change in the concentration of plasma from 

time t = 0 to time t = 3, which is 375 mg/ml. 
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b) (2 pts.) What is the concentration of the medication in the plasma present three hours after the drug is 
administered? Show your reasoning and use units in your answer. 
 
220 mg/ml + 375 mg/ml = 595 mg/ml 

 
 

Question 14 (6 pts.) 

Evaluate the following expressions using the table. Show your work. Give exact values if possible; otherwise, 
make the best possible estimates using left-hand Riemann sums. 

t 0 1 2 3 4 5 

f(t) 1 3 5 6 8 9 
 

𝑎𝑎)(3 𝑝𝑝𝑡𝑡𝑝𝑝. )� 𝑓𝑓(𝑡𝑡)
5

0
𝑑𝑑𝑡𝑡 

𝐿𝐿𝐿𝐿𝐿𝐿 = 1(1 + 3 + 5 + 6 + 8) = 23 

 

𝑏𝑏)(3 𝑝𝑝𝑡𝑡𝑝𝑝. )� 𝑓𝑓 ′(𝑡𝑡)
5

2
𝑑𝑑𝑡𝑡 = 𝑓𝑓(5) − 𝑓𝑓(2) = 9 − 5 = 4 

 

 

 

Question 16 (9 pts.) 

There is a leaky faucet in the student’s kitchen sink. The leak drips water from the faucet into the sink at a 

constant rate of 10mL per minute. The water is also draining out of the sink, but the rate the water drains out 

is not constant because of the pile of dirty dishes present. Let 𝑒𝑒(𝑡𝑡) be the rate, in mL per minute, that the 

water is draining out of the sink t minutes after 7:00pm. The graph of 𝑒𝑒(𝑡𝑡) can be found below. Assume the 

sink has 5mL of water in it at 7:00. 

 

(a) (3 pt.) How much water drains out of the sink between 7:00 and 7:15? Show how you arrived at your 
answer. 
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Each rectangle square is 5 minutes by 5 ml/min so 25 milliliters. There are 4 squares under the function. So 4 
times 25 equals 100 milliliters. 

 

(b) (3 pt.) How much water drips into the sink between 7:00 and 7:15? Show how you arrived at your answer. 

The water drips at a constant rate of 10 ml per minute for 15 minutes which equals 150 milliliters. 

 

(c) (3 pts.) Suppose that at 7:20, the student removes the dirty dishes from the sink and water is allowed to 
drain freely at a rate of 15mL per minute. How long will it take for the sink to have no water in it? (Show your 
work.) 

The sink initially has 5 ml of water in it.  Water drips in at a rate of 10 ml/min. In 20 minutes that results in 
205 ml of water entering the sink. 

There are 6 squares under the function in 20 minutes which represents 150 ml of water draining out of the 
sink. 

205 – 150 = 55 ml of water. 

After minute 20 water is entering the sink at 10 ml/min and leaving the sink at 15 ml/min.  The difference in 
the rates is 5 ml/min. So 55/ 5 = 11 minutes. 

 

 

 

 


